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Abstract

The concern of this paper is the study of local approximation properties of the de la Vallée

Poussin means Vn:We derive the complete asymptotic expansion of the operators Vn and their

derivatives as n tends to infinity. It turns out that the appropriate representation is a series of

reciprocal factorials. All coefficients are calculated explicitly.
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1. Introduction

The de la Vallée Poussin means Vn ðn ¼ 1; 2;yÞ of a 2p-periodic integrable
function f are defined by

Vnð f ; xÞ ¼ 1

2p

Z p

�p
f ðtÞonðx � tÞ dt ðxA½0; 2pÞÞ; ð1Þ
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with the kernel on given by

onðxÞ ¼
ðn!Þ2

ð2nÞ! 2 cos
x

2

� �2n

¼
Xn

n¼�n

ðn!Þ2

ðn � nÞ! ðn þ nÞ! einx ðxARÞ ð2Þ

(see, e.g., [12, Section 2.5.2] or [12, pp. 299–300]). The operators Vn are trigonometric
analogues of the Bernstein polynomials. They are shape-preserving trigonometric
convolution operators [21].
The Voronovskaja-type formula

lim
n-N

nðVnð f ; xÞ � f ðxÞÞ ¼ f ð2ÞðxÞ ð3Þ

for all integrable 2p-periodic functions f admitting a derivative of second order at x

is due to Natanson (see [20, Chapter 10, Section 3, Satz 3] and the original paper
cited there; cf. also [17, Problem 29, p. 134]).
Formula (3) is a trigonometric analogue of Voronovskaja’s classical theorem [23]

for the Bernstein polynomials which was generalized by Bernstein [9] for higher
order differentiable functions.
In the same manner as Bernstein, among other things, Lee and Osman [18]

extended Natanson’s result (3).
Let C2p denote the class of continuous 2p-periodic functions. For an even 2p-

periodic integrable function j; its trigonometric moment of order 2j ð j ¼ 0; 1; 2;yÞ;
is defined by

M2jðjÞ ¼
1

2p

Z p

�p
2 sin

t

2

� �2j

jðtÞ dt: ð4Þ

Furthermore, for s; nAN0; let

as;nðjÞ ¼
Xs

j¼n

ð�1Þ jþn

ð2jÞ! tð2j; 2nÞ M2jðjÞ; ð5Þ

where tð�; �Þ denote the central factorial numbers of the first kind (see, e.g., [22, p.
213]). Further properties and applications can be found in [13,14]. Recall that the
tð�; �Þ are the coefficients in the expansion

x½n� ¼
Xn

j¼0
tðn; jÞx j ðn ¼ 0; 1; 2;yÞ;

where the central factorial polynomials x½n� are defined as

x½0� ¼ 1 and x½n� ¼ xðx þ 1� n=2Þn�1 ðnANÞ:

Throughout the paper n
%k resp. n%

k denotes the rising factorial n
%k ¼ nðn þ 1Þ?ðn þ

k � 1Þ; n
%0 ¼ 1 resp. falling factorial n%

k ¼ nðn � 1Þ?ðn � k þ 1Þ; n%
0 ¼ 1:

The above-mentioned result of Lee and Osman [18, Corollary 2.1] states that, if
fAC2p and its derivatives up to order 2s exist at xAð�p; pÞ; there holds

lim
n-N

ns Vnð f ; xÞ �
Xs�1
n¼0

as;nðonÞ f ð2nÞðxÞ
 !

¼ f ð2sÞðxÞ
s!

: ð6Þ
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However, the asymptotic relation (6) does not give much insight into the asymptotic
behaviour of operators (1). This motivates a further treatment. The purpose of this
paper is to continue the work of Lee and Osman in order to derive the
complete asymptotic expansion for the sequence of de la Vallée Poussin means Vn

in the form

Vnð f ; xÞBf ðxÞ þ
XN
k¼1

ckð f ; xÞ
ðn þ 1Þ %k

ðn-NÞ; ð7Þ

provided fAC2p possesses derivatives of sufficiently high order at x: It turns out that
the appropriate representation of expansion (7) is a series of reciprocal factorials.
Formula (7) means that, for all qAN;

Vnð f ; xÞ ¼ f ðxÞ þ
Xq

k¼1

ckð f ; xÞ
ðn þ 1Þ %k

þ oðn�qÞ

as n-N: Result (3) of Natanson is the special case q ¼ 1 with c1ð f ; xÞ ¼ f 00ðxÞ:We
give explicit expressions for all coefficients ckð f ; xÞðk ¼ 1; 2;yÞ:
We remark that in [1–4,6,7] the author gave analogous results for the Meyer-

König and Zeller operators, for the operators of Bleimann, Butzer and Hahn, the
Bernstein–Kantorovich operators, the Bernstein–Durrmeyer operators, and the
operators of Balázs and Szabados, respectively. Asymptotic expansions of multi-
variate operators can be found in [5,8].
After completion of the manuscript the author learned by personal communica-

tion from Prof. Butzer that formula (8) (i.e., the special case r ¼ 0 of Theorem 2) was
previously found by Bleimann and Stark [10] under the stronger assumption that

fAC2s
2p: Our results require only local smoothness of f :

2. The main results

As first main result we obtain the complete asymptotic expansion of the de la
Vallée Poussin means Vn:

Theorem 1. Let sAN and xAð�p; pÞ: If fAC2p and its derivatives up to order 2s exist

at x, the de la Vallée Poussin means Vn satisfy the asymptotic relation

Vnð f ; xÞ ¼ f ðxÞ þ
Xs

k¼1

ckð f ; xÞ
ðn þ 1Þ %k

þ oðn�sÞ ð8Þ

as n-N; where the coefficients ckð f ; xÞ are given by

ckð f ; xÞ ¼ ð�1Þk

k!

Xk

n¼0
ð�1Þntð2k; 2nÞ f ð2nÞðxÞ ð9Þ

and tð�; �Þ denote the central factorial numbers of the first kind.
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For the convenience of the reader we calculate the explicit form of the initial
coefficients ckð f ; xÞ in expansion (8):

c0ð f ; xÞ ¼ f ðxÞ;

c1ð f ; xÞ ¼ f ð2ÞðxÞ;

c2ð f ; xÞ ¼ 1
2
ð f ð2ÞðxÞ þ f ð4ÞðxÞÞ;

c3ð f ; xÞ ¼ 1
6
ð4f ð2ÞðxÞ þ 5f ð4ÞðxÞ þ f ð6ÞðxÞÞ;

c4ð f ; xÞ ¼ 1
24
ð36f ð2ÞðxÞ þ 49f ð4ÞðxÞ þ 14f ð6ÞðxÞ þ f ð8ÞðxÞÞ;

c5ð f ; xÞ ¼ 1
120

ð576f ð2ÞðxÞ þ 820f ð4ÞðxÞ þ 273f ð6ÞðxÞ þ 30f ð8ÞðxÞ þ f ð10ÞðxÞÞ:

Concerning simultaneous approximation it is well known that
limn-Nðd=dxÞVnð f ; xÞ ¼ f 0ðxÞ if fAC2p possesses a derivative of first order at x

([20, Chapter 10, Section 3, Satz 4]; cf. [11]). In this direction, we derive the complete

asymptotic expansion of the differentiated de la Vallée Poussin means V
ðrÞ
n ðr ¼

0; 1; 2;yÞ:

Theorem 2. Let rAN0; sAN and xAð�p; pÞ: If fAC2p and its derivatives up to order

2ðr þ sÞ exist at x, the differentiated de la Vallée Poussin means V
ðrÞ
n satisfy the

asymptotic relation

V ðrÞ
n ð f ; xÞ ¼ f ðrÞðxÞ þ

Xs

k¼1

ckð f ðrÞ; xÞ
ðn þ 1Þ %k

þ oðn�sÞ ð10Þ

as n-N; where the coefficients ckð f ; xÞ are given by Eq. (9).

Remark 1. Note that, in Theorem 2, we propose only local smoothness conditions

on f : If we assume, in addition, that f ðrÞ exists on ð�p; pÞ; Theorem 2 would be an
immediate corollary of Theorem 1, since it is well known that

V ðrÞ
n ð f ; xÞ ¼ Vnð f ðrÞ; xÞ

if f ðrÞAC2p (see, e.g., [12, Proposition 1.1.15]).

3. Auxiliary results

First, we determine the trigonometric moments of the functions on as defined by
Eq. (2).

Lemma 3. For j; n ¼ 0; 1; 2;y; we have

M2jðonÞ ¼
2j

j

� �
j þ n

j

� ��1
: ð11Þ
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Proof. By definition (4), we obtain

M2jðonÞ ¼
22jþ2n

2p
2n

n

� ��1
2

Z p=2

�p=2
sin2j t cos2n t dt

¼ 2
2jþ2n

p
2n

n

� ��1
B j þ 1

2
; n þ 1

2

� �

with the beta function B; and Eq. (11) follows by a simple calculation. &

In the following, for fAC2p; let fx be defined as

fxðtÞ ¼ f ðtÞ sinðx � tÞ: ð12Þ

Formula (3) is a trigonometric analogue of Voronovskaja’s classical theorem [23] (cf.
[15, Chapter 10, Section 3, Theorem 3.1]) for the Bernstein polynomials which was
generalized by Bernstein [9] (cf. [19, Section 1.6.1, Eq. (4)]) for higher order
differentiable functions.

Lemma 4. For fAC2p; we have

V 0
nð f ; xÞ ¼ �n2

2n � 1Vn�1ð fx; xÞ ð13Þ

and

V 00
n ð f ; xÞ ¼ �n2ðVnð f ; xÞ � Vn�1ð f ; xÞÞ: ð14Þ

Proof. By Butzer and Nessel [12, Proposition 1.1.14], there holds

V ðrÞ
n ð f ; xÞ ¼ 1

2p

Z p

�p
f ðtÞoðrÞ

n ðx � tÞ dt ðr ¼ 0; 1; 2;yÞ

and Lemma 4 follows by straightforward computation. Formula (14) also can be
found in [12, Eq. (2.5.21)]. &

Lemma 5. If fAC2p and its derivatives up to order 2kðkANÞ exist at x, the coefficient

ckð fx; xÞ; as defined in Eq. (9), for fx is given by

ckð fx; xÞ ¼ ð�1Þk

k!

Xk�1
m¼0

ð�1Þmf ð2mþ1ÞðxÞ
Xk

n¼mþ1

2n

2mþ 1

� �
tð2k; 2nÞ:

Proof. Lemma 5 follows by Leibniz rule. &

Lemma 6. Suppose k4� 1=2: Then, we have

n

2n � 1 ¼
1

2
þ 1
4

XN
j¼0

ðk þ 1
2
Þ %j

ðn þ kÞ jþ1
ðn41=2Þ:
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Proof. Let k4� 1=2 and n41=2: Then, we have

2n

2n � 1 ¼
1� k

nþk

1� kþ1
2

nþk

¼ 1þ 1
2

XN
c¼0

ðk þ 1
2
Þc

ðn þ kÞcþ1
:

Using the well-known relation

1

zcþ1
¼
XN
j¼c

jSc
j j
1

z jþ1
ðRz40Þ

(see, e.g., [16, Example 1, p. 214]), where Sc
j denote the Stirling numbers of the first

kind, we obtain

2n

2n � 1 ¼ 1þ 1
2

XN
j¼c

1

ðn þ kÞ jþ1

Xj

c¼0
jSc

j j k þ 1
2

� �c

and Lemma 6 follows since
P j

c¼0 jSc
j jðk þ 1

2
Þc ¼ ðk þ 1

2
Þ j: &

Lemma 7. The central factorial numbers of the first kind satisfy, for kAN and m ¼
0; 1; 2;y; the both identities

Xk

n¼0

2n

2mþ 1

� �
tð2k; 2nÞ ¼ kððk � 1Þtð2k � 2; 2mþ 2Þ þ 2tð2k � 2; 2mÞÞ; ð15Þ

Xk

j¼1

ð�1Þ j

j!
ð j þ 1

2
Þk�j

Xj

n¼0

2n

2mþ 1

� �
tð2j; 2nÞ ¼ 2ð�1Þk

ðk � 1Þ! tð2k; 2mþ 2Þ: ð16Þ

Proof. We have

Xk

n¼0

2n

2mþ 1

� �
tð2k; 2nÞ ¼ 1

ð2mþ 1Þ!
d

dx

� �2mþ1
x½2k�







x¼1

:

The latter expression is the coefficient of x2mþ1 in the polynomial

ðx þ 1Þ½2k� ¼ 1þ k

x

� �
x½2k� þ k x þ ð2k � 1Þ þ k2 � k

x

� �
x½2k�2�

which comes out to be

ktð2k; 2mþ 2Þ þ ktð2k � 2; 2mÞ þ ðk3 � k2Þtð2k � 2; 2mþ 2Þ:

Hence,

Xk

n¼0

2n

2mþ 1

� �
tð2k; 2nÞ

¼ kðtð2k; 2mþ 2Þ þ tð2k � 2; 2mÞ þ ððk � 1Þ2 þ k � 1Þtð2k � 2; 2mþ 2ÞÞ:

ARTICLE IN PRESS
U. Abel / Journal of Approximation Theory 126 (2004) 115–125120



The recurrence formula for the central factorial numbers of the first kind (see [22,
Eq. (25), p. 214]) yields

tð2k; 2mþ 2Þ þ ðk � 1Þ2tð2k � 2; 2mþ 2Þ ¼ tð2k � 2; 2mÞ;

which implies Eq. (15).
By Eq. (15), formula (16) is equivalent to

Xk

j¼1

ð�1Þ j

ð j � 1Þ! k � 1
2

� �k�j

ðð j � 1Þtð2j � 2; 2mþ 2Þ þ 2tð2j � 2; 2mÞÞ

¼ 2ð�1Þk

ðk � 1Þ! tð2k; 2mþ 2Þ; ð17Þ

which we will prove by mathematical induction. Eq. (17) obviously holds for k ¼ 1:
Assume that it is true for an arbitrary kAN: Then, we have

Xkþ1
j¼1

ð�1Þ j

ð j � 1Þ! k þ 1� 1
2

� �kþ1�j

ðð j � 1Þtð2j � 2; 2mþ 2Þ þ 2tð2j � 2; 2mÞÞ

¼ k þ 1
2

� �Xk

j¼1

ð�1Þ j

ð j � 1Þ! k � 1
2

� �k�j

ðð j � 1Þtð2j � 2; 2mþ 2Þ

þ 2tð2j � 2; 2mÞÞ þ ð�1Þkþ1

k!
ðktð2k; 2mþ 2Þ þ 2tð2k; 2mÞÞ

¼ ð2k þ 1Þ ð�1Þk

ðk � 1Þ!tð2k; 2mþ 2Þ

þ ð�1Þkþ1

k!
ðktð2k; 2mþ 2Þ þ 2tð2k; 2mÞÞ

¼ 2ð�1Þk

k!
ðk2tð2k; 2mþ 2Þ � tð2k; 2mÞÞ

¼ �2ð�1Þ
k

k!
tð2k þ 2; 2mþ 2Þ;

where we again used the recurrence formula [22, Eq. (25), p. 214]. This completes the
proof of Lemma 7. &

Now we show, that Theorem 2 holds in the special case r ¼ 1:

Proposition 8. Let sAN and xAð�p; pÞ: If fAC2p and its derivatives up to order 2s þ 2
exist at x, the differentiated de la Vallée Poussin means V 0

n satisfy the asymptotic

relation

V 0
nð f ; xÞ ¼ f 0ðxÞ þ

Xs

k¼1

ckð f 0; xÞ
ðn þ 1Þ %k

þ oðn�sÞ

as n-N; where the coefficients ckð f ; xÞ are given by Eq. (9).
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Proof. Combining Eq. (13) with Theorem 1 yields

V 0
nð f ; xÞ ¼ �n2

2n � 1Vn�1ð fx; xÞ ¼ �n

2n � 1
Xsþ1
k¼1

ckð fx; xÞ
ðn þ 1Þk�1

þ oðn�sÞ

as n-N and application of Lemma 6 yields

V 0
nð f ; xÞ ¼ � 1

2

Xsþ1
k¼1

ckð fx; xÞ
ðn þ 1Þk�1

� 1
4

Xs

k¼1

Xs�k

j¼0
k þ 1

2

� � j
ckð fx; xÞ
ðn þ 1Þkþj

þ oðn�sÞ

¼ � 1
2

Xs

k¼0

ckþ1ð fx; xÞ
ðn þ 1Þ %k

� 1
4

Xs

k¼1

1

ðn þ 1Þ %k
Xk

j¼1
cjð fx; xÞ j þ 1

2

� �k�j

þoðn�sÞ

¼
Xs

k¼0

dkð f ; xÞ
ðn þ 1Þ %k

þ oðn�sÞ ðn-NÞ;

say, where

dkð f ; xÞ ¼ �1
2

ckþ1ð fx; xÞ � 1
4

Xk

j¼1
j þ 1

2

� �k�j

cjð fx; xÞ

with the convention that a sum is to be read as 0 if the lower index is greater than the
upper index. We have to show that

dkð f ; xÞ ¼ ckð f 0; xÞ ðk ¼ 0;y; sÞ: ð18Þ

For k ¼ 0; we have

d0ð f ; xÞ ¼ �1
2c1ð fx; xÞ ¼ �1

2 f 00
x ðxÞ ¼ f 0ðxÞ ¼ c0ð f 0; xÞ:

Now, let kX1: By Lemma 5, we have

dkð f ; xÞ ¼ ð�1Þk

2ðk þ 1Þ!
Xk

m¼0
ð�1Þmf ð2mþ1ÞðxÞ

Xkþ1
n¼mþ1

2n

2mþ 1

� �
tð2k þ 2; 2nÞ

� 1
4

Xk

j¼1
j þ 1

2

� �k�j ð�1Þ j

j!

Xj�1
m¼0

ð�1Þmf ð2mþ1ÞðxÞ

�
Xj

n¼mþ1

2n

2mþ 1

� �
tð2j; 2nÞ
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and, by Lemma 7, we obtain

dkð f ; xÞ ¼ ð�1Þk

2k!

Xk

m¼0
ð�1Þmf ð2mþ1ÞðxÞðktð2k; 2mþ 2Þ þ 2tð2k; 2mÞÞ

� ð�1Þk

2ðk � 1Þ!
Xk�1
m¼0

ð�1Þmf ð2mþ1ÞðxÞ tð2k; 2mþ 2Þ

¼ ð�1Þk

k!

Xk

m¼0
ð�1Þmf ð2mþ1ÞðxÞ tð2k; 2mÞ ¼ ckð f 0; xÞ:

In view of Eq. (18) this completes the proof of the proposition. &

4. Proof of the main theorems

Proof of Theorem 1. By the result of Lee and Osman (6), there holds

Vnð f ; xÞ ¼
Xs�1
n¼0

as;nðonÞ f ð2nÞðxÞ þ f ð2sÞðxÞ
s!ns

þ oðn�sÞ ð19Þ

as n-N; provided fAC2p and its derivatives up to order 2s exist at x: By Eq. (5) and
Lemma 3, we have

as;nðonÞ ¼
Xs

k¼n

ð�1Þkþn

k! ðn þ 1Þ %k
tð2k; 2nÞ;

and inserting this into Eq. (19) we obtain

Vnð f ; xÞ ¼
Xs

k¼0

ð�1Þk

k! ðn þ 1Þ %k
Xk

n¼0
ð�1Þntð2k; 2nÞ f ð2nÞðxÞ þ oðn�sÞ

as n-N: This completes the proof of Theorem 1. &

Proof of Theorem 2. By Theorem 1 and the proposition, the assertion of Theorem 2
is true for r ¼ 0 and r ¼ 1: We proceed by mathematical induction. Assume that
Theorem 2 is true for an integer rX0; i.e.

V ðrÞ
n ð f ; xÞ ¼ f ðrÞðxÞ þ

Xsþ2
k¼1

ckð f ðrÞ; xÞ
ðn þ 1Þ %k

þ oðn�ðsþ2ÞÞ ð20Þ

as n-N; provided fAC2p and its derivatives up to order 2ðr þ s þ 2Þ exist at x:
Then, by Lemma 4, we have

V ðrþ2Þ
n ð f ; xÞ ¼ �n2ðV ðrÞ

n ð f ; xÞ � V
ðrÞ
n�1ð f ;xÞÞ:
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Taking advantage of Eq. (20) we obtain

V ðrþ2Þ
n ð f ; xÞ ¼ � n2

Xsþ2
k¼1

ckð f ðrÞ;xÞ 1

ðn þ 1Þ %k
� 1

n %k

 !
þ oðn�sÞ

¼ n
Xsþ1
k¼1

kckð f ðrÞ; xÞ
ðn þ 1Þ %k

þ oðn�sÞ

¼
Xs

k¼0

ðk þ 1Þckþ1ð f ðrÞ; xÞ � k2ckð f ðrÞ; xÞ
ðn þ 1Þ %k

þ oðn�sÞ

as n-N: By definition (9), we have

ðk þ 1Þckþ1ð f ðrÞ; xÞ � k2ckð f ðrÞ; xÞ

¼ ð�1Þkþ1

k!

Xkþ1
n¼0

ð�1Þnðtð2k þ 2; 2nÞ þ k2tð2k; 2nÞÞ f ðrþ2nÞðxÞ

¼ ð�1Þkþ1

k!

Xkþ1
n¼1

ð�1Þntð2k; 2n� 2Þ f ðrþ2nÞðxÞ ¼ ckð f ðrþ2Þ; xÞ;

where we used the recurrence formula [22, Eq. (25), p. 214]. This completes the proof
of Theorem 2. &
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les polynômes de S. Bernstein, Dokl. Akad. Nauk. USSR, A (1932) 79–85.

ARTICLE IN PRESS
U. Abel / Journal of Approximation Theory 126 (2004) 115–125 125


	Asymptotic approximation by de la VallÕe Poussin means and their derivatives
	Introduction
	The main results
	Auxiliary results
	Proof of the main theorems
	Acknowledgements
	References


